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Abstract Calculations of large scale electronic structure

within periodic boundary conditions, mostly based on solid

state physics, allow the modeling of atomic forces and

molecular dynamics for atomic assemblies of 100–1000

atoms, thus providing complementary information in

material and macromolecular sciences. Nevertheless, these

methods lack connections with the chemistry of simple

molecules as isolated entities. In order to contribute to

establish a conceptual connection between solid state

physics and chemistry, the calculation of the extent of

electron sharing between atoms, also known as delocal-

ization index, is performed on simple molecules and on

complexes with transition metal atoms, using density

functional calculations where the Kohn–Sham molecular

orbitals are represented in terms of plane waves and in

periodic boundary conditions. These applications show that

the useful measure of electron sharing between atomic

pairs can be recovered from density functional calculations

using the same set-up applied to large atomic assemblies in

condensed phases, with no projections of molecular orbi-

tals onto atomic orbitals.

Keywords Density-functional theory � Delocalization

index � Computer simulations

1 Introduction

The investigation of the electronic ground state structure of

large atomic assemblies, both as isolated molecules, clus-

ters and condensed phases, is becoming a routine appli-

cation because of the many improvements in density

functional theory (DFT) [1–3]. To cope with the size of

assemblies, like surfaces or nanotubes, and with solvents in

the liquid state, and to minimize the effects of the finite size

of modeled samples, periodic boundary conditions (PBC)

are adopted. Therefore, most of the modern tools for such

investigations come from solid state physics. The Kohn–

Sham (KS) molecular orbitals (MOs) used in DFT as tools

for representing the electron density [4, 5] are represented

as Fourier series: the KS MOs are expanded in a large

number of plane waves (PW) with space periodicity asso-

ciated to the cell used in the calculation as the sample. In

this basis-set, the evaluation of integrals is relatively easy

and the transformation from reciprocal (PW) space into

real 3-d space of quantities (first of all the electron density)

is efficient because of the implementation of fast Fourier

transform (FFT) numerical techniques on parallel

computers.

The interactions between valence electrons represented

with such diffuse functions with the atomic cores are, in

most of the cases, introduced via pseudopotentials. The

advent of the ultrasoft pseudopotential (US-PP) [6] toge-

ther with algorithms for efficient implementations of them
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(like double grids) [7], allow the use of a relatively small

number of PW functions in the construction of the basis-set

and in most of the intensive calculations. As a result, the

size of the finite element representing the electron density

in the real space can be as small as 10 pm for systems of

hundreds or thousands of atoms in cells with a side of

10 nm.

This theoretical description of electron density allows a

high numerical efficiency and, as a consequence, the pos-

sibility of using the same description for interatomic forces

and for first-principle molecular dynamics [8], thus open-

ing the possibility of collecting wide statistics for atomic

configurations and of exploiting the dynamics of extended

systems.

The disadvantage of the PW description is in the diffi-

culty of understanding the results of calculations (electron

density, frontier molecular orbitals, collective properties)

in terms of atomic contributions, chemical bonds, and their

perturbations [9]. The chemical nature of the elementary

components of the sample is lost when a diffuse repre-

sentation for the electron density is adopted and most of the

information about atoms is encoded in the ultrasoft

pseudopotential.

In recent years, many theoretical descriptions of elec-

tronic structure were developed aiming at measuring the

extent of electron sharing between two or more atoms in

complicated molecules. These efforts are particularly nec-

essary when several transition metal atoms are involved

[10]. Most of the available tools for describing via atomic

contributions the electronic structure, reside on basis-sets

where atomic functions are mixed with diffuse contribu-

tions (like in the linearized augmented PW basis-set

implemented in the Wien2k package [11]). In this case, the

topological analysis of electronic structure can be per-

formed [12] similarly to the calculations based on localized

atomic basis-sets used for isolated molecules. On the other

hand, in those cases where the basis-set does not include

atomic orbitals explicitly, suitable projections of PW rep-

resentations of KS MOs must be performed [13].

In this work, we aim at applying direct measures of

electron localization and delocalization, a concept first

introduced in Refs. [14–16] and then developed to repre-

sent the chemical bonding in aromatic systems, complex

molecules, and in condensed phases (see Refs. [17–19] and

references therein). The work we report here, is a further

step toward the goal of providing a parameter measuring

electron delocalization independently from the basis-set

adopted for the calculation of the wave function. More

recently, the variance–covariance analysis of total electron

density ends up with the same set of simple parameters,

that allow to measure the amount of shared electrons

between any pair of atoms in a system described by a set of

occupied molecular spin orbitals, both at Hartree–Fock,

DFT, and correlated levels [19–21]. These parameters were

called localization and delocalization indices (DIs), and are

calculated in terms of molecular (or natural) orbitals as:

kðAÞ ¼
X

i;j

½ni;anj;a þ ni;bnj;b�Si;jðAÞ2; ð1Þ

dðA;BÞ ¼ 2
X

i;j

½ni;anj;a þ ni;bnj;b�Si;jðAÞSi;jðBÞ; ð2Þ

where i and j run over all the occupied molecular spin

orbitals, Si,j(A) are overlap integrals of the ith and jth spin

orbitals, integrated within the region of space identified as

the basin of atom A, and ni,a are the occupations of each

spin orbital. In our work, the orbital occupations, ni,a and

ni,b, are equal to one or zero depending on whether the

molecular spin orbital is occupied or not. Delocalization

index is the bond order defined in Eq. (9) of Ref. [16],

while localization index is a shifted version of the atomic

valence index in Eq. (10) of [16]. Localization and delo-

calization indices are dimensionless, being expressed in

terms of number of electrons.

Delocalization indices are not a measure of the strength

of the bond between the pair of atoms involved. This latter

measure is given by the force constant, accurately derived

from the second derivatives of the energy with respect to

atomic displacements. DIs provide a complementary

information, being these latter a measure of the covalent

character of the interaction between the given pair of atoms

[22–24], also readable as the number of ‘‘Lewis-type’’

electron pairs involved in the interaction. The combination

of the information of force constants and DIs allows to

classify the interaction as covalent (DI [ 0) or electrostatic

and/or dispersive (DI * 0).

The measure of localization and delocalization, k and

d, respectively, resides on the identification of atomic

basins. This partition of space can be performed by several

different methods [25]. The one we adopted in this work is

the topological partitioning based on the quantum theory of

atoms in molecules (QTAIM), initially proposed by Bader

[26]. Other methods can be alternatively used [27, 28]. The

first comparison between topological and Hilbert space

partitioning [16] showed that with the former partitioning

the dependence of results from the basis-set is dramatically

reduced.

Despite other tools for analyzing electron density can be

applied to PW-based DFT calculations (like the TOPOND

program [29] based on the crystal package [30]), these tools

do not allow the direct calculation of the delocalization

index so far. The typical analysis of bonds performed by

QTAIM [10, 26], relies on the identification of bond critical

points and bond paths, but this analysis requires a higher

spatial resolution compared to the direct evaluation of

delocalization index, as it is reported in this work.
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The detailed balance of electron sharing between atoms

is guaranteed by the relationship:

NðAÞ ¼ kðAÞ þ 1=2
X

A6¼B

dðA;BÞ; ð3Þ

where N(A) is the integral of electron density within the

basin A, i.e., the sum of the core charge and of the valence

electron density on atom A, as it is identified, in this case,

by the QTAIM analysis.

In this work, we apply the equation for the delocaliza-

tion index to DFT calculations where the Kohn–Sham

molecular orbitals are represented in terms of plane waves,

as this is the usual set-up for large scale electronic structure

calculations and first-principle molecular dynamics simu-

lations. The applications range from simple molecules to

molecules where the nature of bonds, especially when

transition metal atoms are involved, is less well defined.

The aim of this work is to measure the number of electrons

shared between atoms adopting, for the different systems,

the same conceptual and computational framework of solid

state physics used to evaluate atomic forces. The result is

that the DIs are only slightly dependent of the basis-set

adopted for DFT calculations. No projections of valence

molecular orbitals onto atomic orbitals is performed at any

step of the calculation.

2 Methods

Most of the DFT calculations presented here were per-

formed with the Quantum–Espresso package [31]. The

DFT PW calculations were performed with K = 0 (the so-

called C-point), i.e., no effects of the periodicity over

length-scales larger than the super-cell dimensions were

included. With the exception of the ionic lattices of NaCl,

LiF and NaCN, the initial configurations of each molecule

were placed in a cell with a size leaving a minimal distance

of 0.5 (for neutral cells) and 0.8 (for charged cells) nm

between the atoms in neighboring cells. These distances

were found sufficient for mimicking isolated conditions [7]

when Ewald techniques are used for treating electrostatics

[32, 33]. The NaCl and LiF configurations were built in

the fcc lattice and up to eight unitary cells arranged in the

2 9 2 9 2 3-d lattice were used in the calculation. The

minimal distance between ions was 2.842 and 2.027 Å for

NaCl and LiF, respectively. The Pt3(CO)6
2- isolated anion

was built according to the D3h symmetry group and with

distances and angles derived from the crystal structures

(see Ref. [34] and references therein).

The geometry of each molecule was optimized by

minimizing the energy of the system. Except for the con-

vergence tests, the energy cut-off for the PW basis-set was

25 Ry, while the energy cut-off for the finer grid (mostly

used in calculations involving valence-core interactions)

was 250 Ry. The Perdew–Burke–Ernzerhof (PBE)

exchange–correlation functional was used in all the DFT

calculations [35], with US-PP developed accordingly.

Since a standard Ewald sum technique is used in the

calculation of interatomic forces, a neutralizing uniform

background charge is added to the system [32, 33, 36].

Therefore, super-cells with a net charge (like cyanide and

the [Pt3(CO)6]2- anion) and with periodic images farther

than 0.8 nm, are minimally affected by spurious Coulomb

repulsion within periodic images. The energy of charged

systems is computed by using suitable corrections when

PW basis-set is used [32, 33, 37]. In some of these cor-

rections, the electron density and atomic forces are also

corrected [32, 33], thus affecting geometry optimization

results. In the spin-polarized cases (Sz [ 0), the DFT cal-

culations are performed within the local spin density

approximation.

Approximated all-electron densities were analyzed with

the QTAIM approach for identifying the set of points in

space confined within the surfaces of zero flux of the

electron density gradient. This analysis was performed with

the algorithm initially proposed by Sanville et al. [38, 39].

The version 0.29a of the code was used in this work. Once

the atomic basins were identified, the integrals in Eq. (2)

for DIs were computed simply by summing over the set of

elementary cubic volumes identified by each of the atomic

basins. Therefore, the implementation of Eq. (2) requires

the simple collection of 3-d grids of the valence electron

density and of the set of KS molecular orbitals representing

it. In this work, the 3-d grids are represented as Gaussian

cube-files.

In most cases, the valence electron density was col-

lected in real space on the finer 3-d grid (i.e., with a finite

element side of about 10 pm, corresponding to the larger

PW energy cut-off of 250 Ry). By increasing the latter

energy cut-off, a finer grid for representing valence elec-

tron is achieved, therefore assessing the convergence of

Eq. (2) by increasing the resolution of electron density

and KS molecular orbitals. In all cases, the valence

electron density was completed with the core electron

density. The angular-averaged approximated radial part of

groups of core states [40–42] was sampled with a finer

grid (from 4 to 16 cubes within each of the cubes used in

the finer valence density grid) and within a 3 bohr core-

radius away from each nucleus. The average density

obtained with this sampling within each valence density

cube was added to the corresponding valence cube. This

procedure is a smoothing of the core electron density

within each valence electron density cube containing at

least one point within 3 bohr from each nucleus. The

correctness of integrals of the all-electron density in all

cases was checked to be within 1%.
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Some of the results for simple molecules reported here

for comparisons, were obtained with ADF [43] codes. In

the ADF case, the PBE exchange–correlation functional

[35] was used together with a triple-f Slater-type orbitals

(STO) basis-set with two sets of polarization functions (the

so-called TZ2P basis-set in ADF). For comparisons

between all-electron results and approximated treatments

of core-valence interactions, the core electrons of atoms

were, in some cases, treated as frozen cores. A similar ADF

set-up was used for calculating bond multiplicities, recently

implemented in ADF [44].

3 Results

3.1 Convergence analysis

The low resolution of electron density and of KS MOs

obtained in PW representations deserves a convergence

assessment of Eq. (2) and of the QTAIM partitioning of

space, by using simple molecules. In the following, we

report results for CO and for the cyanide anion.

Results obtained for d(C,O) with different localized

basis-sets and 3-d grid resolutions are reported in Table 1.

The identity of DIs when core states are included or not in

Eq. (2) (AS and VS, respectively), indicates that core states

do not contribute to electron sharing, like expected, being

the core states highly localized on their respective atom.

Different localized basis-sets used within the ADF code

shows that the effect of the used real-space resolution in

space partitioning and in the integrals of Eq. (2) is more

significant than a change in basis-set or in atomic core

approximation. The difference between these data and

those reported in Refs. [16] and [20], these latter in the

range 1.51–1.57, can be attributed to the HF level of the-

ory, as already discussed in the literature [20]. However,

the differences within this set of data is smaller than that

provided by a different partitioning (see Table 1 in Ref.

[16]). The Hilbert space partitioning provided, with the

same basis-sets and geometry, values in the range

2.31–2.32. The agreement between the delocalization index

calculated with 3-d grids and those reported in the literature

[20, 45], these latter evaluated with accurate methods and

basis-sets, shows that for a grid size of about 5 pm the

accuracy on DI is within 0.1 units. Despite the effect of

the frozen core is negligible, it must be remarked that the

electron density is, in all the cases reported in Table 1,

described by all the electrons. The QTAIM analysis of

valence electron density is not rigorous and provides sig-

nificantly different results compared to that of the all-

electron density. Errors in the definition of the zero-flux

surface for electron density when atomic cores are

neglected are mainly due to the inaccuracy of density

gradient when empty regions (atomic cores) are sampled.

These numerical instabilities are removed introducing

even coarse-grained representations of atomic cores (see

Sect. 2).

Once a satisfactory level of accuracy was found for the

3-d grid approximation of integrals using localized basis-

sets, a convergence analysis was performed on d(C–O)

Table 1 Delocalization index, d in Eq. (2), for CO from calculations using atom-centered basis-sets, with different DFT set-up and with

different 3-d grid resolution of charge density and KS molecular orbitals

Basis-set C–O distance (Å) DE (kJ/mol) Side of elementary volume (bohr) q(C) d(C,O)

(a) ae/AS 1.141 1,129.03 0.2 0.98 1.96

(a) ae/VS 1.96

(a) fc/VS 1.140 1,251.76 0.2 0.95 1.96

(b) ae/AS 1.137 1,118.46 0.2 0.96 1.94

(b) ae/VS 0.2 1.94

(b) ae/AS 0.1 1.08 1.89

(b) ae/VS 0.1 1.89

(b) fc/VS 1.136 1,148.62 0.1 1.07 1.89

(c) 1.114 – 1.51/1.52

(d) 1.126 1.15 1.80

(e) 1.103 1.35 1.57

(f) 1.128 1.16 1.80

See text for the details of the DFT calculations. The meaning of symbols are: HF-SCF Hartree-Fock self-consistent field calculation, DFT density

functional theory, B3LYP exchange correlation functional [50], PBE Exchange correlation functional [35], TZP basis-set triple-f with polari-

zation, TZ2P triple-f with double polarization, ae all-electrons, fc frozen cores, AS all KS MOs used in Eq. 2, VS only valence KS MOs used in

Eq. 2, DE is the dissociation energy, q(C) is the charge (in e- units) in the C basin. (a) DFT-PBE/TZP, this work; (b) DFT-PBE/TZ2P, this work;

(c) HF-SCF/6-31G* /HF-SCF/6-31??G**, Ref. [16]; (d) DFT-B3LYP/6-311??G(2d,2p), Ref. [20]; (e) HF-SCF/6-311??G(2d,2p), Ref.

[20]; (f) HF-SCF/QCISD/ae, Ref. [45]
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using different accuracy in the PW basis-set, keeping the

same approximations for the electron density description

(DFT) and for the exchange–correlation functional (PBE)

used with localized basis-sets. With this set-up, the atomic

cores are approximated via ultrasoft pseudopotentials, that

may be compared with frozen-core approximation in the

localized basis-set context. We remind that the core elec-

tron density is smoothly added to the valence electron

density for the QTAIM analysis (see Sect. 2 for details).

As displayed in Table 2, the DI of CO does not change

when the side of the elementary cube in the integrals is

decreased in the range of 0.2–0.1 bohr, thus showing a

negligible improvement with the 3-d grid resolution. The

difference of PW result (1.72) and the accurate calculation

of Refs. [20, 45] (1.80) is within 0.1 units, i.e., within the

error attributed to the 3-d grid largest resolution available

with localized basis-sets (see Table 1). Even though the

dissociation energy is slightly affected by the cell size, the

covalent bond character of the bond is identical by

changing both cell size and 3-d grid density.

The residual difference between d(C,O) obtained with

the PW and localized basis-sets, 1.7 and 1.8, respectively,

can be attributed to the difference in the approximations

used, in the two methods, for core electrons. Since different

approaches for core electrons when a PW basis-set is used

(like norm-conserving pseudopotentials) provide results

very similar to those obtained with ultrasoft pseudopoten-

tials (data not shown here), this residual difference denotes

a larger electrostatic character for PW representation of

polar bonds, compared to localized basis-sets (see also

below).

In order to test the convergence of PW and localized

basis-sets for charged molecules, the case of cyanide was

investigated in more detail. The problem of computing

accurate electron density and energy for simple charged

molecules when a PW basis-set is used within DFT

method, has been already discussed and suitable correc-

tions have been proposed [32, 33]. In the following, we

present results obtained with different levels of accuracy in

the calculation, summarized in Table 3.

Similarly to the CO case (see Table 2), the value of DI

for cyanide in the energy minimum (Table 3) does not

depend on the size of the PW basis-set (i.e., the 3-d grid

resolution), being the value identical increasing the PW

energy cut-off to 50 Ry for wave functions and to 400 Ry

for the density (data not shown). Moreover, the DI is

almost unaffected by the accurate correction to electron

density and atomic forces, like that reported in Refs. [32]

and [33] (see Table 3), being the variation in the range of

Table 2 Delocalization index and basin population for the isolated CO molecule calculated with PW basis-sets with different density energy-

cutoff in a cubic cell with PBC

Density

energy-cutoff

Cell side (Å) DE (kJ/mol) Side of elementary

volume (bohr)

q(C) d(C,O)

250 7 1,113.44 0.18 1.19 1.72

500 7 1,108.90 0.14 1.20 1.71

1,200 7 1,108.89 0.088 1.20 1.72

1,400 7 1,108.89 0.083 1.20 1.72

250 8 1,097.29 0.18 1.19 1.72

250 9 1,100.76 0.18 1.19 1.72

250 10 1,100.59 0.18 1.20 1.72

The C–O distance is 1.140 Å (the energy minimum for the energy-cutoff of 250 Ry with cell size of 7 Å). DE is the dissociation energy; q(C) is

the charge (in e- units) in the C basin

Table 3 Delocalization index, d in Eq. (2), for CN- and NaCN

(isolated and in the fcc lattice)

Set-up Code Pair Distance

(Å)

d

(a) Gaussian C–N 1.172 2.45

TZ2P ae ADF C–N 1.184 2.43

TZ2P fc ADF C–N 1.183 2.43

PBE-US QE C–N 1.182 2.34

PBE-US-Corr1 QE C–N 1.182 2.32

PBE-US-Corr2 QE C–N 1.182 2.27

PBE-US (NaCN isolated) QE C–N 1.182 2.20

Na–C/N [4.1 0.37

PBE-US (NaCN crystal) QE C–N 1.18 2.13–2.46

1 cell Na–C/N [2.59 \0.18

PBE-US (NaCN crystal) QE C–N 1.18 2.12–2.29

2 cells QE Na-C/N [2.59 \0.1

See Sect. 2 for the details of the DFT calculations. The meaning of

symbols are: TZ2P Slater-type orbitals triple-f double-polarization

basis-set, ADF Amsterdam density functional code [43], ae all-elec-

trons, fc frozen cores (only valence electrons), QE Quantum-Espresso

code [31], PBE Perdew–Burke–Ernzerhof exchange-correlation

functional [35], US ultrasoft pseudopotential [6], Corr1 correction of

density and electrostatic potential based on Ref. [32], Corr2 correc-

tion of density and electrostatic potential based on open boundary

conditions [33]; (a) DFT-B3LYP/6-311??G(2d,2p) basis-set,

Ref. [20]
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0.1 units. With the addition of one Na atom to the super-

cell (the charge of which being zero), at a distance larger

than 4 Å from the closer CN atom (the NaCN isolated

case), the DI of the C–N pair is very close to that obtained

with the negative cyanide super-cell (2.20 and 2.34,

respectively). The geometry optimization of a single cell of

the crystalline NaCN in the fcc lattice with the cell

parameters of KCN [46] (the NaCN crystal case) provides

a larger range for d(C,N) when a single cell is used. We

remind that in all cases examined in this work the systems

are all periodical in the three directions of space. The

unitary cell of NaCN contains four NaCN units and part of

the variability in DI is due to the presence of four non-

equivalent C–N pairs. In the single cell example, a small DI

value is measured also for Na–C/N pairs (the maximal

value is 0.18 for pairs of atoms at the minimal distance of

2.59 Å). As it is observed for NaCl (see Table 4 and related

discussion), the convergence of DI for polarized extended

electron densities requires more than one unit cell. Indeed,

with an array of 2 9 2 9 2 unitary cells, the delocalization

of pairs involving Na becomes lower than 0.1. The charge

in the Na basins is rather independent from the super-cell

size, being 0.88 for a single unitary cell and 0.89 when 8

unitary cells are used in the calculation. The difference of

q(Na) from unity (the value expected for an ideal ionic

state) is due to the large number of small (d\ 0.1) DIs

involving each Na atom: the sum of the 8 DIs with

0.01 \ d(Na,X) \ 0.1 (in the range of 0.014–0.038) for

each Na atom, is about 0.1.

Interestingly, all the types of cell neutralization have

almost no effect on the delocalization between C and N.

The major effect on d(C,N) (0.2 units) arises from statis-

tical errors that put independent estimates (nonequivalent

C–N pairs at covalent contact) in the range of 2.1–2.3 units

(bottom of Table 3). This range is consistent with an error

of 0.1 units on each measure.

A final assessment of the PW calculation of DIs is the of

DI upon molecule dissociation. To investigate this issue,

the electron density and KS MOs of the CO molecule were

computed as a function of the C–O distance (in the range of

1–4 Å), in different spin configurations (values of Sz) and

with localized and PW basis-sets. The difference in

dissociation energy between the TZ2P/fc basis-set and the

PW calculation is within about 40 kJ/mol (1,149 and

1,113 kJ/mol, respectively, see Tables 1, 2). The behavior

of d(C,O) as a function of C–O distance (data not shown)

shows that, with both basis-sets, a distance of 2.5 Å is

necessary to have d(C,O) smaller than 0.1, and, in both

cases, this occurs in the Sz = 2 spin configuration. Indeed,

the correct description of CO dissociation requires the use

of Sz = 2 at the unrestricted level because both the C and O

isolated atoms have triplet ground states. With other values

of Sz, complex spin-couplings would occur which could be

correctly resolved only at the full configuration interaction

level. Since the spin polarization density is uniformly

shared between the C and O atomic basis upon dissocia-

tion, the dissociation is homolytic. In both basis-sets, the

molecular dipole points C along the whole dissociation.

The positive charge in the C basin of the relaxed state was

1.2 for PW and 1.1 for TZ2P/fc basis-sets, respectively (see

Tables 1, 2), and became zero beyond the critical 2.5 Å

distance in both basis-sets. The PW description, as already

Table 4 Delocalization index,

d in Eq. (2), for simple

molecules and for NaCl and LiF

in the fcc lattice

See text for the details of the

DFT calculations. (a) DFT-

B3LYP/6-311??G(2d,2p)

basis-set, Ref. [20] (LiF is the

isolated molecule); (b) HF-SCF/

3-21G*, Ref. [47]; (c) DFT-

B3LYP/6-311??G(p,d,f) basis-

set, HF-SCF at QCISD/ae level,

Ref. [45]; (d) DFT-PBE/TZ2P

all-electrons, this work

Molecule DFT PW DFT localized: Gaussian (a, b, c)

or Slater (d) type basis-set in the

frozen-core approximation

H2 1.00 1.00 (a)

N2 3.00 3.05 (a)

F2 1.28 1.28 (a)

CO 1.72 1.81 (a)/1.80 (c)/1.89 (d)

CN- 2.34 2.45 (a)/2.43 (d)

NO? 2.30 2.66 (a)/2.65 (d)

C2H6 (C–C) 1.04 1.01 (c)/1.02 (d)

C2H6 (C–H) 0.96 0.96 (d)

C2H4 (C–C) 1.93 1.90 (c)/1.88 (d)

C2H4 (C–H) 0.95 0.97 (d)

C2H2 (C–C) 2.85 2.85 (c)/2.80 (d)

C2H2 (C–H) 0.91 0.94 (d)

C6H6 (C–C ortho) 1.39 1.40 (b)

C6H6 (C–C para) 0.11 0.11 (b)

NaCl 0:074� 0:083 –

LiF 0:048� 0:051 0.221 (a)
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observed comparing q(C) in Tables 1 and 2, is slightly

more polarized than that represented via localized basis-

sets (the electron sharing is more toward a ionic state).

This type of in vacuo homolytic dissociation is rarely

encountered during first-principle simulations in condensed

phases, where atoms can exchange bonds between each

other and, indeed, chemical bonds can break and form

during molecular dynamics simulations performed at the

DFT level, smoothly displacing electron pairs between

different atomic pairs. The above convergence analysis

shows that the set-up for low resolution PW calculations

usual for first-principle computer simulations, that is a

density energy cut-off of 250 Ry (a spatial resolution of KS

MOs of 10 pm) and the use of ultrasoft pseudopotential for

atomic cores, provides measures of electron sharing

between atoms of accuracy comparable with routine

methods of quantum chemistry. This set-up will be used in

the following applications.

3.2 Applications to simple molecules

In Table 4, the delocalization indices for several simple

molecules, with atomic coordinates of energy minima, are

reported. For comparison with localized basis-sets, former

results reported in the literature [20, 47] are displayed when

available, and results obtained with ADF [43], elaborated as

explained in the Sect. 2, are reported for the other cases. The

table shows that the agreement between DIs computed with

PW and localized basis-sets (expanded in gaussian func-

tions or in Slater functions) is excellent in most of the cases,

also when delocalization is significant (like in benzene).

The largest discrepancy is observed for polar and charged

molecules (LiF and NO?). By comparing DIs for ethane,

ethene, and ethine molecules, it can be noticed that the 2-

and 3-bonding character of C–C pairs is well captured. The

different estimate of electron sharing in heteroatomic bonds

when the PW approach is adopted in place of the localized

basis-set, is related to a larger polarization (a more ‘‘elec-

trostatic’’ character) of these bonds in the PW description.

Interestingly, the order d(N2) [ d(NO?) * d(CN-) [
d(CO) for this series of isoelectronic species is preserved

irrespective of the method and basis-set used. The DI

decreases from N2 to CO along the isoelectronic series with

the increased electronegativity difference (greater charge

transfer and polarization) of the atoms involved in the bond.

As for the sensitivity of DIs to the level of theory in the

calculation of the electronic ground state, we notice that the

Hartree–Fock calculation of DIs for CO, CN- and NO?,

performed with the 6-311??G(2d,2p) basis-set, provided

1.6, 2.2, and 2.4, respectively [20], i.e., values slightly

smaller than those provided by DFT with the same basis-set.

Noticeably, this change is larger than that caused by the use

of PW in representing the KS MOs.

The larger emphasis for the electrostatic character of

polar interactions when PW basis-set is used, is shown also

by other polarized systems in Table 4. For both NaCl and

LiF, the upper limit for d(A,B) is 0.1 when 8 unitary cells

are assembled in the 2 9 2 9 2 super-cells, while the

maximal value of 0.35 is obtained with a single unitary cell

(data not shown). Moreover, this upper limit is not for pairs

involving atoms with opposite formal charges (the numbers

displayed in Table 4), but it holds for pairs of formal

anions at the closest distance. Large assemblies of cells or,

alternatively, a set of K [ 0 values, must be used for

extended systems in periodic lattices. Even if a significant

electron sharing has been observed also for ionic mole-

cules, like the isolated LiF molecule [20], accurate

assessment of DIs for extended systems deserve a complete

relaxation of the cell size and shape, possibly using all the

information of the lattice periodicity. In the usual PW

expansion, the use of K [ 0 values impose constraints in

the symmetry of the KS MOs that must be taken into

account before using Eq. (2). The complete use of lattice

periodicity is the subject of a further elaboration of Eq. (2).

In this work, we limit the use of the equation to lattice

periodicity with length-scales not larger than the super-cell

dimensions (see Sect. 2).

If cell relaxation is not fully accomplished, the sensitivity

of the measure of DIs based on PW expansions of KS MOs

is assumed to be 0.1: all the DIs smaller than 0.1 cannot be

safely interpreted as sharing of electrons without a complete

relaxation of the cell containing the atoms and a full

assessment of the convergence of DIs as functions of the

finite element size in electron density 3-d representation.

The measure of DI for the H2
? molecule in the ground

state is 0.5 for all basis-sets, including PW, and it is fully

consistent with the exact MO and valence bond theories,

both based on the description of energy eigenstates as

combinations of atomic orbitals. We remark here that by

using the equation for DIs (Eq. 2), DIs are always positive

and are not able to distinguish between bonding and anti-

bonding states. The indices are, therefore, merely

descriptive and not predictive. Nevertheless, the behavior

of DIs upon chemical substitution provides a conceptual

frame for measuring the modification of electronic struc-

ture. Moreover, the combination of these indices for elec-

tron sharing with atomic forces, both measured within the

same theoretical framework, provides a unified description

of molecular dynamics and of electronic ground state,

without the need of an atom-centered basis-set.

3.3 Applications to metal complexes

In Table 5 DIs for Fe complexes with CO (charge zero)

Fe(CO)5 (trigonal bi-pyramidal) and Fe(CN)6
4- (octahe-

dral) are displayed. The agreement for the CO complex

Theor Chem Acc (2011) 130:27–36 33
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between the two basis-sets is excellent for all the atomic

pairs. Noticeably, even the low DIs between the axial and

equatorial C ligand atoms is captured in both representa-

tions of the electronic structure, as well as the small three-

center four-electrons (3c-4e) sharing represented by the

Fe–O pairs. No DIs are detectable for O–O pairs.

The discrepancy between the representations for the

cyanide Fe complex are due to the need of an unrestricted

spin calculation for the PW representation only. Because of

the constraint of Oh symmetry that can be explicitly

imposed with the atom-centered basis-set, the restricted

calculation was possible only in this latter case. Molecular

symmetry cannot be constrained in PW calculations.

However, the average value for Fe–C and C–N pairs are

within 0.1 units in the two representations and the major

difference is concentrated in the Fe–N pairs that, again, in

the PW representation with core pseudopotential, is less

covalent in character.

3.4 Applications to M–M bonds

In the following, calculations of DIs for systems containing

several metal atom centers are performed in terms of PW

representations of KS MOs and compared with the same

calculation performed with localized atom-centered basis-

sets.

The measure of DIs involving metal atoms and metal–

metal bonds has been performed in a few cases [45, 48]. In

this work, the DIs are computed for the Pt3(CO)6
2- anion.

This anion is stable in solution, while it forms different

kinds of assemblies in solution and in the solid state (see

Ref. [34] and references therein). The monomeric anion is

planar (D3h space group in the crystalline solid state).

In Fig. 1 the energy minimized configuration of the

monomeric anion, in a super-cell mimicking the isolated

state, is displayed (the program VMD [49] is used in all the

molecular drawings). The Pt–Pt distance is 2.68 Å. The DIs

are summarized in Fig. 2 for all the atomic pairs with DI

larger than 0.1 units. The range of computed values is

indicated, with different values corresponding to pairs

equivalent by symmetry. The subscript t and b indicates,

respectively, terminal and bridging CO groups.

The data reported on the scheme of Fig. 2 show that the

bond structure revealed by DIs is consistent with a widely

delocalized electron structure. The electron sharing

between the atoms Ot and Pt (0.3) is an indication of 3c-4e

bonding interaction, implying an electron sharing more

significant than the 3c-4e sharing in Fe(CO)5 (see Table 5).

This value is identical to the value of 0.3 measured for the

pair O–O0 in CO2 [20]. The 3c-4e Pt–Ot bonds arise from

Eq. (2) when the major contribution to the sum is from

MOs composed by atomic orbitals centered on two dif-

ferent atoms separated by an other atom, as is the case for

the pg molecular orbital in CO2. If the three Pt atoms

Table 5 Delocalization index,

d in Eq. (2), for simple

molecules with metal-C bonds

(Fe(CO)5 and Fe(CN)6
4-)

See text for the details of the

DFT calculations. (a) DFT-

B3LYP/6-311??G(p,d,f) basis-

set, Ref. [45]; (b) DFT/PBE/

TZ2P/ae, this work

Molecule Bond DFT PW DFT localized: Gaussian (a)

or Slater (b) type basis-set

Fe(CO)5 Fe–Ceq 1.05–1.06 1.05 (a)/1.09 (b)

Fe–Cax 0.99 0.98 (a)/1.04 (b)

Ceq-Oeq 1.55–1.75 1.61 (a)/1.64–1.68 (b)

Cax–Oax 1.55–1.76 1.61 (a)/1.68 (b)

Fe–Oeq 0.20 0.18 (a)/0.20 (b)

Fe–Oax 0.19 0.17 (a)/0.19 (b)

Ceq–Cax 0.15 0.13 (b)

Fe(CN)6
4- Fe–C 0.72–0.73 0.80 (b)

C–N 2.00–2.38 2.25 (b)

Fe–N \0.1 0.15 (b)

Fig. 1 Energy minimized structure of the Pt3(CO)6
2- anion. Color

scheme is the following: Pt atoms are in gold, C in gray, O in red.

Bonds are drawn for guiding the eye. The VMD program [49] was

used for this drawing
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identify the xy plane, the pz orbitals of O, and the dx/yz

orbitals of Pt contribute to the occupied weakly anti-

bonding states of relatively high energy. Noticeably, this

effect is also represented in the PW basis-set.

The sum of DIs involving one Pt atom is at least 4.9.

This means that at least 4.9/2 = 2.45 over 10 valence

electrons are scattered by each Pt atom within the Pt3 plane

and mainly shared with CO ligands via covalent bonds (or

‘‘Lewis-type’’ pairs).

In order to see how the DIs are affected by fluctuations

due to thermal motions, the calculation of DIs was repeated

on the electron density following the time evolution of a

typical molecular dynamics simulation at the temperature

T = 300K (data not shown). Even if all the distances

fluctuate significantly (for instance Pt–Pt distances oscil-

lates within 2.7 and 2.9 Å) the DIs are subject to small

variations, within ±0.2 units. The root-mean square error

between DIs for a snapshot at T = 300K and the initial

configuration (that displayed in Figs. 1, 2) is 0.1. This

observation confirms that, as far as the molecule does not

change its topology (i.e., when no chemical reactions

occur), the DIs can be used as covalent (or ‘‘Lewis-type’’)

bond indices, being the changes in DIs during atomic

motions of the same size of the sensitivity of the method

(0.1, see Sect. 3.1 about the convergence of results).

4 Conclusions

The delocalization indices have been computed on the

basis of DFT calculations where the Kohn–Sham molecular

orbitals are represented in terms of plane waves and where

the size of the finite element representing 3-d real-space

electron density and Kohn–Sham molecular orbitals is in

the range of 10 pm. Delocalization indices computed with

this method are in agreement with those computed on the

basis of localized basis-sets of routine usage in quantum

chemistry. Delocalization indices measure the number of

shared electrons between the involved atoms, thus they

provide a reliable estimate of the covalent character of

chemical bonds in atomic assemblies ranging from isolated

molecules to extended atomic clusters and infinite aggre-

gates, these latter represented within periodic boundary

conditions and represented at the same 3-d spatial resolu-

tion used in this work for simple molecules.
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tion and delocalization indices in solid state periodic systems using

plane waves and the QTAIM partition.
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